We propose an E-truncated K-moment and semidefinite relaxations (ETKM-SDR) method to check whether an m-partite quantum mixed state is separable or not and give a decomposition for it if it is. We first convert the separability discrimination problem of mixed states to the positive Hermitian decomposition problem of Hermitian tensors. Then, employing the E-truncated K-moment method, we obtain an optimization model for discriminating separability. Moreover, applying semidefinite relaxation method, we get a hierarchy of semidefinite relaxation optimization models and propose an algorithm for detecting the separability of mixed states. The algorithm can also be used for symmetric and non-symmetric decomposition of separable mixed states. By numerical examples, we find that not all symmetric separable states have symmetric decompositions. * Corresponding author.
Quantum entanglement was first introduced by Einstein, Podolsky, and Rosen [1] and Schirödinger [2] . Entanglement plays a central role in applications of quantum information science as well as in the foundations of quantum theory. Hence, the question of whether a given state is entangled or separable is one of the fundamental problems in quantum information theory (cf. Gühne, [3] ). There are some elegant methods for the separability checking problem have been derived, such as Bell inequality [5] , positive partial transposition criterion [6, 7] , computable cross norm or realignment criterion (CCNR criterion) [8, 9] , covariance matrix criterion [3, 10, 11] , correlation matrix criterion [12] , entanglement witness [7, 13, 14] , and other methods. The separability detecting problem is a longer standing problem and has attracted great interest in the last 20 years [4, [15] [16] [17] [18] . All these methods are based on the sufficient or necessary conditions for entanglement.
In this letter, we use the tensor optimization method to detect a given m-partite mixed state it is separable or not. If it is not, we get a certificate for that. If it is, we obtain a decomposition of the state. In the process, we first take an Hermitian tensor to represent a mixed state, and substitute the separability discrimination problem of mixed states by the positive Hermitian decomposition problem of Hermitian tensors. And then, employing the E-truncated K-moment method, we show that an mpartite quantum mixed state is separable if and only if there exists an atomic Borel K-measures µ such that the condition (CD1) is satisfied. Then we convert the separability discrimination problem to a moment optimization problem. Finally, applying the semidefinite relaxations method, we propose an algorithm for detecting a mixed state if it is separable or not and decomposing the state if it is. There are similar results for symmetric separability discrimination. Theoretically, by using the algorithm, we can check the separability or symmetric separability of any mixed state and decompose it if it is separable.
Notations.-The symbol N (resp., R, C) denotes the set of nonnegative integers (resp., real numbers, complex numbers). For every k ∈ N, denote [k] := {1, · · · , k}. The symbol R[x] := R[x 1 , · · · , x n ] denotes the ring of polynomials in x := (x 1 , · · · , x n ) with real coefficients. For α ∈ N n , denote |α| = α 1 + · · · + α n , N n d := {α ∈ N n : |α| ≤ d}. For x ∈ R n and α ∈ N n , denote x α := x α1 1 x α2 2 · · · x αn n . Denote by [x] d := (x α ) α∈N n d the vector of monomials, whose exponents are from N n d . Similarly, denote by R[x] d := { α p α x α : p α ∈ R, α ∈ N n d } the ring of polynomials with degree no more than d.
Complex tensor representation of quantum states.-An mth-order complex tensor denoted by A := (A i1...im ) ∈ C n1×···×nm is a multiway array consisting of numbers
im .
An m-partite pure state |ψ of a composite quantum system can be regarded as a normalized element in a Hilbert space ⊗ m k=1 C n k . Assume that {|e
is an orthonormal basis of C n k . Then {|e
} is an orthonormal basis of ⊗ m k=1 C n k . Hence, |ψ can be written as
where x i1...im ∈ C. Denote χ |ψ := (x i1···im ). Then χ |ψ is called a corresponding tensor of |ψ under the orthonormal basis. |ψ is called symmetric if these amplitudes are invariant under permutations of the parties, which is corresponding to a symmetric complex tensor. A separable m-partite pure state is denoted as |φ := ⊗ m k=1 |φ (k) . It is clear that the separable pure state is corresponding to a rank-one complex tensor ⊗ m k=1 v (k) , where v (k) ∈ C n k , more details please see [19] .
Hermitian tensor is an extension of Hermitian matrices. A 2mth-order tensor H = (H i1...imj1...jm ) ∈ Similarly, for a quantum mixed state ρ, its density matrix is always written as
where p i > 0 and k i=1 p i = 1, |ψ i is a pure state and ψ i | is the complex conjugate transpose of |ψ i . Hence, the density matrix of ρ is also corresponding to a Hermitian tensor H ρ ∈ H[n 1 , . . . , n m ]
where χ |ψi is the corresponding complex tensor of the state |ψ i . A quantum mixed state ρ is called separable if it can be written as
where |φ
is the pure state of the k-th system C n k . Hence, a quantum mixed state ρ is separable if and only if its corresponding tensor H ρ has a positive Hermitian decomposition as (2) .
Given a symmetric Hermitian tensor S ∈ sH[n, m]. if S can be written as
with 0 < λ i ∈ R, u i ∈ C n and u i = 1 for all i ∈ [r], then (6) is called a symmetric positive Hermitian decomposition of S.
It is well known that every symmetric complex tensor has a symmetric rank-one decomposition (cf. P. Comon, et al., [20, Lemma 4.2] ). Numerical examples show that some of positive Hermitian decomposable and symmetric Hermitian tensors also have symmetric positive Hermitian decompositions. Hence, the definition of symmetric positive Hermitian decomposition is not vacuous.
E-truncated K-moment problem.
-The E-truncated K-moment problems appear frequently in applications, such as sparse polynomial optimization (cf. Lasserre [21] ), completely positive matrices decomposition [22] , symmetric tensor decomposition [23] . Let's briefly review some results on the truncated moment problem (TMP). We refer to [23] [24] [25] [26] [27] [28] for details about TMP.
Let E ⊆ N n be a finite set, R E be the space of real vectors indexed by elements in E. An E-truncated moment sequence (E-tms) is a vector y = (y α ) α∈E ∈ R E . Let K be the semialgebraic set
The measure µ satisfying the above is called a Krepresenting measure for y. Denote meas(y, K) as the set of all K-measures admitted by y. The E-truncated K-moment problem (ETKMP) is to determine a given E-tms y whether admits a K-measure or not. If it does, how can we get a K-representing measure?
For
We also denote p, z := L z (p) for convenient.
For a tms z ∈ R N n 2k , define M k (z) to be the symmetric matrix, which is linear in z, such that L z (p 2 ) = vec(p) T M k (z)vec(p), for all p ∈ R[x] k , where vec(p) denotes the coefficient vector of p in the graded lexicographical ordering. The matrix M k (z) is called a k-th order moment matrix.
for all i ∈ [m 1 ] and j ∈ [m 2 ]. If z also satisfies the rank condition
then z admits a unique measure, which is r-atomic with r = rank M k (z). z is called flat if both (7) and (8) are satisfied.
E-truncated K-moment method for positive Hermitian decomposition.-Assume that ρ is an m-partite mixed state, H ∈ H[n 1 , · · · , n m ] is a corresponding Hermitian tensor of ρ. If ρ is a symmetric mixed state and we will check whether ρ is symmetric separable or not, then we denote its corresponding Hermitian tensor as S ∈ sH[m, n]. Here we consider two kinds of decompositions: Case 1 denotes the positive Hermitian decomposition of H and case 2 denotes symmetric positive Hermitian decomposition of S.
Case 1: We give some basic notations as n := m k=1 n k ,
Define a semialgebraic set
Denote by B(K) the set of all atomic Borel K-measures.
Assume that a measure µ ∈ B(K) is defined as
Im , k = 1, 2, · · · , m. Then one can get a tuple (u (11) is satisfied, then we obtain a positive Hermitian decomposition of H as in (2) . Conversely, for every µ ∈ B(K) satisfying (11), we can always get a positive Hermitian decomposition of H. In turn, it is true.
Denote I := (i 1 · · · i m ), J := (j 1 · · · j m ), E H :=
Then the condition (11) can be rewritten as (CD1): H IJ = K P IJ (x)dµ, for all I, J ∈ E H . Case 2: Let S ∈ sH[m, n]. We also give some basic notations as x := (x Re , x Im ) T ∈ R 2n , x Re := (x 1 , · · · , x n ),
. Assume that K is defined as in (9), B(K) is the set of all atomic Borel K-measures, and µ ∈ B(K) as in (10) .
is satisfied, then we have a symmetric positive Hermitian decomposition of S as in (6) . Let P IJ (x) := m k=1 u i k u * j k . Then (12) can be reformulated as (CD2): S IJ = K P IJ (x)dµ, for all I, J ∈ E S . From the above discussion, we get the following theorem about the separability discrimination of mixed states without proof.
Theorem 1. (i) Assume that ρ is an m-partite quantum mixed state, H ∈ H[n 1 , · · · , n m ] is a corresponding Hermitian tensor of ρ and K is defined as in (9) . Then ρ is separable if and only if there exists a measure µ ∈ B(K) such that condition (CD1) is satisfied.
(ii) Assume that ρ is an m-partite symmetric mixed state, and S ∈ sH[m, n] is a corresponding Hermitian tensor of ρ. Then ρ is symmetric separable if and only if there exists a measure µ ∈ B(K) such that condition (CD2) is satisfied. 
Remark 1. (I) Assume that ρ is an m-partite mixed state, H is a corresponding Hermitian tensor of ρ. If the first part of the constraint condition of (13), i.e. the constraint condition on H, is infeasible then the state ρ is not separable. (II) When ρ is an m-partite symmetric mixed state and we consider its symmetric separability, we denote S ∈ sH[m, n] as its corresponding Hermitian tensor. If the second part of the constraint condition of (13) is infeasible then ρ is not symmetric separable.
In order to solve (13), we replace µ by the vector of its moments. Let d > 2m be an even integer and d ≤ 2k. Denote the moment cones for k = d/2, d/2 + 1, · · · . The following algorithm is applied to solve the hierarchy of (15 Output: Whether the tensor has a (symmetric) positive Hermitian decomposition or not and giving a (symmetric) positive Hermitian decomposition for it if it has.
Step 1: Set d = 2(m + 1). Choose a generic SOS function F (x) of degree at most d. Let k = d/2.
Step 2: Solve (15) . If (15) is infeasible, then H (or S) has not a (symmetric) positive Hermitian decomposition, and stop. Otherwise, compute a minimizer y k . Let t := 1.
Step 3: Let z = y k | 2t . If the rank condition (8) is satisfied, go to Step 5.
Step 4: If t < k, set t = t + 1 and go to Step 3; otherwise, set k = k + 1 and go to Step 2.
Step 5: Compute r = rankM t (z), λ 1 , · · · , λ r > 0, x| [1] , · · · , x| [r] ∈ K. Output a (symmetric) positive Hermitian decomposition of H (or S) as (2) (or (6)).
Theorem 2. Algorithm 1 has the following properties: (I) If (15) is infeasible for some k, then H (or S) has not a (symmetric) positive Hermitian decomposition, i.e., ρ is not (symmetric) separable; (II) If H (or S) has a (symmetric) positive Hermitian decomposition, i.e., ρ is (symmetric) separable, then for almost all generated F (x), we can asymptotically get a (symmetric) positive Hermitian decomposition by solving the hierarchy of semidefinite relaxations (15) for k big enough.
Proof. The proof is in the Appendix. Remark 2. In calculating, we choose subscripts (I, J) in (15) meeting the following requirements.
(I) If H is an Hermitian tensor, then H IJ = K P IJ (x)dµ if and only if H JI = K P JI (x)dµ. Hence we may choose subscripts (I, J) in (15) satisfying i 1 < j 1 , or i 1 = j 1 but i 2 < j 2 , and so on, till i k = j k for all k ∈ [m − 1] but i m ≤ j m , which is denoted by I ≤ J.
(II) If S is an Hermitian and symmetric tensor, then we choose subscripts (I, J) in (15) satisfying I ≤ J and
Numerical examples.-Given a quantum mixed state ρ. We will use Algorithm 1 to check its separability and give a decomposition if it is separable. In the processing, we first rewrite a state as its corresponding Hermitian tensor, then check the Hermitian tensor whether has a (symmetric) positive Hermitian decomposition and get a decomposition if it has, finally write the decomposition as the states form. We use the toolbox Gloptipoly 3 [29] and SeDuMi [30] to solve the SDR problems (15 [31] . Here, |GHZ , |W andW are defined as |GHZ = (|000 + |111 )/ √ 2,
Wei and Goldbart said that ρ( 1 4 , 3 8 ) is separable. But they did not give its decomposition.
We first write |GHZ , |W and |W corresponding tensors χ |GHZ , χ |W and χ |W , respectively. Their nonzero entries are (
Hence, we attempt to decompose H with the symmetric case. Fortunately, we succeeded.
Applying Algorithm 1, we get a symmetric positive Hermitian decomposition as 
Hu et al. computed that the geometric measure of ρ was equal to zero. Hence, the state is separable. And they gave a non-symmetric decomposition with four terms. So we attempt to decompose ρ by Algorithm 1 with the symmetric case and obtain a symmetric decomposition with two terms as ρ = 1 2 |φ 1 φ 1 φ 1 φ 1 | + 1 2 |φ 2 φ 2 φ 2 φ 2 |, where |φ 1 = (−0.5992 − 0.3754i)|0 − (0.5992 + 0.3754i)|1 , |φ 2 = (−0.4303 + 0.5611i)|0 + (0.4303 − 0.5611i)|1 . Remark 2. From Example 1 and 2, we find that we may obtain a symmetric decomposition when the given mixed state is separable and symmetric. A natural question: Does a symmetric and separable mixed state always has a symmetric decomposition? However, the following example tells us that it doesn't happen all the time. 
It is clear that the state ρ is an m-partite n-dimension symmetric mixed state and has a non-symmetric decomposition. However, applying Algorithm 1, we find that these states have not their symmetric decompositions for m = 2, n = 2, 3, 4 and m = 3, n = 2, 3, 4. All |φ i ( i ∈ [m]) are obtained random in the numerical example. Hence, we guess that this kind of symmetric mixed state has no symmetric decomposition. Remark 3. Example 4 tells us that if a mixed state ρ is separable and given by a sum of many terms, then we may reduce the number of terms by Algorithm 1. [31] and known to be separable for F ∈ [0, 1 n ] by M. Horodecki and P. Horodecki in [33] . Obviously, the state is symmetric. Let n = 2, F = 1 2 . We find that the state has no symmetric decomposition by Algorithm 1. But we calculate a non-symmetric decomposition ρ iso (1/2) = 5 k=1 p k |φ
k |, where p 1 = 0.2476, p 2 = 0.2496, p 3 = 0.1257, p 4 = 0.2450, p 5 = 0.1323, and |φ Conclusions.-We have presented an approach for checking whether an m-partite quantum mixed state is separable or not and give a decomposition for it if it is. Our approach is valid for every m-partite mixed state. The approach relies on the E-truncated K-moment problem and semidefinite relaxations method. Algorithm 1 can be used for symmetric and non-symmetric decomposition of separable mixed states.
By numerical experiments, we can find some properties of mixed states. For examples: (I) some symmetric and separable states have symmetric decompositions, but some do not; (II) if a mixed state ρ can be separable as in (5) , then there exists a decomposition such that the number r is the smallest. We call the smallest r as the rank of ρ or the symmetric rank of ρ if the decomposition is symmetric. From large number of numerical experiments, we find that the upper bounds of symmetric rank of two-qubit and three-qubit mixed states are 4 and 7, respectively. We may further study some properties of mixed separable states in the future by the algorithm.
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Appendix.-Proof of Theorem 2: (I) We only prove the case H, since the case S can be deduced similarly. Suppose that H has a positive Hermitian decomposition as (2) with λ i > 0 for all i ∈ [r]. Let u
, · · · , x (m) | [i] ) T . Then vectors x| [1] , · · · , x| [r] ∈ K. Take the weighted Dirac measure µ = r i=1 λ i δ x| [i] . Then, there exists a tms y ∈ R N 2n d admitting the measure µ such that Re H IJ = R IJ , y and Im H IJ = T IJ , y for all I, J ∈ E H . Furthermore, for all k ≥ d/2, the tms z ∈ C k such that y = z| d is feasible for (15) , which is a contradiction.
(II) The conclusions can be deduced from Nie [27, Section 5] .
